If the inflationary phase lasted longer than the minimal period, the length scales observed today originate from modes that were smaller than the Planck length during inflation. It was recently argued that this "trans-Planckian problem" can never arise in a consistent theory of quantum gravity, which places a stringent constraint on the energy scale of inflation, V 1/4 10 9 GeV. In this paper, we show that this requirement corresponds to a very small Hubble scale during inflation, H inf 1 GeV, and therefore has serious consequences for scenarios where the dark matter density was generated by amplification of quantum fluctuations during inflation. We also present a class of inflationary models which both satisfy the above limit for the scale of inflation and are in perfect agreement with observational data.
If the inflationary phase lasted longer than the minimal period, the length scales observed today originate from modes that were smaller than the Planck length during inflation. It was recently argued that this "trans-Planckian problem" can never arise in a consistent theory of quantum gravity, which places a stringent constraint on the energy scale of inflation, V 1/4 10 9 GeV. In this paper, we show that this requirement corresponds to a very small Hubble scale during inflation, H inf 1 GeV, and therefore has serious consequences for scenarios where the dark matter density was generated by amplification of quantum fluctuations during inflation. We also present a class of inflationary models which both satisfy the above limit for the scale of inflation and are in perfect agreement with observational data.
I. INTRODUCTION
The current paradigm for explaining the origin of the small inhomogeneities that later became the seeds for the large scale structure of the Universe is cosmic inflation, an era of accelerated expansion before the standard Hot Big Bang state of the Universe [1] [2] [3] [4] [5] [6] . Many of its phenomenological realizations have been studied over the past few decades (for a review, see e.g. Ref. [7] ) and its status has only been strengthened by the recent measurements of the Cosmic Microwave Background (CMB) radiation by the Planck satellite [8, 9] .
Likewise, the existence of dark matter (DM) seems indisputable [10, 11] . In particular, observations of the CMB and formation of structures at different scales have revealed that DM must be cold and collisionless (noninteracting) and perturbations in its energy density must overlap with those in baryon and radiation energy densities at cosmological scales to a high accuracy.
Yet the origin of dark matter remains unknown. Instead of undergoing usual thermal freeze-out (see e.g. Ref. [12] ) or e.g. non-thermal freeze-in [13] [14] [15] during the Hot Big Bang epoch, the observed dark matter abundance may have been initiated purely gravitationally either during or after cosmic inflation [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . While sometimes dubbed as a 'nightmare scenario' due to its limited testability, this is a serious possibility which should be studied exhaustively. In fact, some promising ideas about testing very weakly coupled dark matter candidates whose abundance was generated during inflation have recently been presented in the literature [22, 26, 29, 30] , all of them suggesting to study the properties of DM with observations of formation of structures at different scales (see e.g. Ref. [31] ).
However, while inflation is in principle successful in explaining the initial density perturbations at different * ttenkan1@jhu.edu scales, there exists a theoretical problem. In Refs. [32] [33] [34] it was realized that if the inflationary phase lasted somewhat longer than the minimal period, then the length scales we observe today originate from modes that were smaller than the Planck length during inflation. This was called the trans-Planckian problem, as in that case the usual computations of the perturbation spectrum involve extrapolating low energy physics into regions where it is not necessarily applicable.
In this paper, we do not contemplate on the validity of the TCC but instead point out that the restrictions it places on inflationary models are not particularly problematic. We show that it is relatively easy to construct a class of simple inflationary models which not only exhibit a very low scale of inflation but are also in perfect agreement with all observational data. However, we show that the low scale of inflation the TCC anticipates is generically catastrophic for models in which the DM density was generated by amplification of quantum fluctuations during inflation. We also point out few aspects that were not considered in Refs. [35, 39] .
The paper is organized as follows: in Sec. II, we revisit the arguments given in Ref. [39] , discuss what the TCC requires from inflationary models, and also provide some novel results. In Sec. III, we present a class of simple models that satisfy the TCC by exhibiting a low scale of inflation. In Sec. IV, we discuss the implications of lowscale inflation for very weakly coupled scalar dark matter models. In Section V, we conclude.
II. THE TRANS-PLANCKIAN PROBLEM
If the inflationary phase lasted somewhat longer than the minimal period, then the length scales we observe today originate from modes that were smaller than the Planck length during inflation. According to the TCC, this is not allowed, because no length scales which exited the Hubble horizon during inflation could ever have had a wavelength smaller than the Planck length. This amounts to requiring
where a ini (a end ) is the scale factor at the beginning (end) of inflation, M P is the reduced Planck mass, and H end is the Hubble parameter at the end of inflation. In the following, we assume H remains constant during inflation, H inf = H end , where H inf denotes the overall scale of inflation (and, hence, 1/H inf is the horizon during inflation). This turns out to be an excellent approximation for models we will consider, as will be discussed below.
Defining then the usual number of e-folds N ≡ ln(a end /a ini ) allows us to express the condition (1) as
where we used the Friedmann equation in the slow-roll approximation, ρ tot ≃ V = 3H 2 inf M 2 P , where ρ tot is the total energy density governed by V , the inflaton potential energy during inflation.
As Eq. (2) shows, the TCC constrains the duration of inflation. Indeed, if the inflationary phase lasted for long enough, then the length scales we observe today originated from modes that were smaller than the Planck length during inflation. On the other hand, we want inflation to last for long enough to explain e.g. the wellknown horizon problem (see e.g. Ref. [41] ). That is, we require
where a reh denotes the time of reheating after inflation and a 0 is the scale factor today. Due to entropy conservation, we have
where T reh is the reheating temperature, T 0 is the present CMB temperature and g * S denote the effective number of entropy degrees of freedom. By assuming instant reheating, we can use a reh = a end and T reh = 30 π 2 g * (T reh )
so that together with Eq. (3), the condition (2) gives an upper limit on the energy scale of inflation
Using then the observed CMB temperature T 0 = 2.725 K and H 0 = h × 2.13 × 10 −42 GeV, we obtain
where V max is defined for later purposes. Taking h = 0.68 [11] gives V 1/4 < 7 × 10 8 GeV. This result agrees with the original calculation in Ref. [39] when all factors of the order unity are included. It is instructive to see what the upper limit on the energy scale of inflation (7) implies for observables. In particular, the tensor-to-scalar ratio is defined as
where P T , P ζ are the tensor and scalar curvature power spectra, respectively, measured at the pivot scale k * . In the following, we take k * = 0.002 Mpc −1 . By exchanging H inf with r in the Friedmann equation, the energy scale can then be expressed as
so that
where we used P ζ (k * ) = 2.1 × 10 −9 and h = 0.68 [11] , and r max is again defined for later purposes. The limit (10) is considerably lower than what is expected to be detected or ruled out by the next generation CMB B-mode polarization experiments such as BI-CEP3 [42] , LiteBIRD [43] and the Simons Observatory [44] , which aim at r ∼ 0.001 − 0.01. Therefore, as concluded in Ref. [39] , the result (10) shows that any detection of primordial tensor perturbations on cosmological scales would provide evidence for a different origin of the primordial tensor perturbation spectrum than any inflationary model consistent with the TCC.
Before concluding this section, we make some remarks which were not discussed in Refs. [35, 39] . First, the results (8) and (10) also give
which is particularly interesting for models where dark matter originated from inflation or for curvaton-like models [45] [46] [47] , because H inf controls the magnitude of scalar field fluctuations during inflation, were these scalar fields driving inflation or not. This will be discussed in more detail in Sec. IV. The upper limit (7) has also implications for the total duration of inflation. From Eq. (2), we obtain
Applying then the constraint (7) on V , we see that the maximum number of e-folds allowed by the largest V is
where V max is given by Eq. (7). This is of course consistent with the value that solves the horizon problem, as the derivation of V max required it, see Eq.
(3). However, such a low value of N has implications for inflationary models, as we shall see in the next section. There is also a lower limit on V , which comes from Big Bang Nucleosynthesis (BBN). Requiring
where 
which, according to the TCC, is the strict upper limit on the total duration of inflation. While this limit is far larger than the usual number N ∼ 60 required to solve the horizon problem 1 and may therefore seem to be mainly of theoretical interest, it has serious consequences for certain types of dark matter models, as will be discussed in Sec. IV. In the next section, we present a class of models which satisfy the constraints (7) and (11) for suitable choices of model parameters. Then, in Sec. IV, we discuss implications of the TCC for models where the DM density was generated during inflation.
III. LOW-SCALE INFLATION
The class of models we will consider were recently introduced in Refs. [52, 53] (see also Refs. [54, 55] ). The general action for the models reads
min , the required value of N that solves the horizon problem is of course much smaller, N ∼ 22.
where g is the determinant of the metric g µν , R = g µν R λ µλν (Γ, ∂Γ) is the curvature (Ricci) scalar, R λ µλν is the Riemann tensor constructed from the connection Γ and its derivatives, and φ is the inflaton field. In the following, we take
where α is a dimensionless parameter and G(φ) encapsulates the possible non-minimal couplings between the inflaton and gravity. The action (16) is particularly generic, as both the non-minimal coupling and the Starobinsky-like αR 2 term can be argued to be generated by quantum corrections in a curved background [56] . However, here we make a slightly unusual choice by assuming Palatini gravity, where both the spacetime metric g µν and the connection Γ are treated as independent variables. As was shown in Refs. [52] [53] [54] [55] and as will be discussed below, this has interesting consequences, as the curvature scalar R is a function of both g µν and Γ, whereas the kinetic term for the inflaton only depends on the metric g µν . As a result, the energy scale of inflation can be made arbitrarily low.
Note that one can take this approach also in the context of the General Relativity, where no non-minimal couplings exist and the αR 2 term is absent. In that case the constraint equation for the connection renders the two theories equivalent, i.e. in that case the metric theory (i.e. the one where there is a unique Γ = Γ(g µν ), the Levi-Civita connection) and Palatini theories are nothing but two different formulations of the same theory. However, with non-minimally coupled matter fields (i.e. with G(φ) = 0) or otherwise enlarged gravity sector (i.e. with α = 0) this is generally not the case [57] . Therefore, in the context of non-minimal models, such as the one in Eq. (17), one has to make a choice of the underlying gravitational degrees of freedom.
Note that choosing the Palatini approach does not constitute a modified theory of gravity any more than the metric one does, as currently we do not know what the fundamental gravitational degrees of freedom are. Also note that this choice does not necessarily amount to adding new degrees of freedom to the theory. In fact, with our choice of F (R, φ), Eq. (17), there are less dynamical degrees of freedom in the Palatini case than there would be in the metric one [52] . In the Palatini case the action (16) describes single-field inflation, whereas in the metric case it becomes a genuine two-field model (see e.g. Ref. [58] and references therein). The Palatini approach is therefore not only quite general (as it allows Γ to be, a priori, independent of g µν ) but also very simple. In the following, however, we will make one extra assumption: we assume that the connection is torsion-less, Γ λ µν = Γ λ νµ . For non-vanishing torsion, see Ref. [59] .
A Weyl transformation
where ϕ is an auxiliary field [52] then shows that the action (16) is equivalent to
where the re-defined inflaton field χ is given by
and the potential is
Because the action (19) has a canonical gravity sector, we say that the theory is defined in the Einstein frame, in contrast to the Jordan frame (16) where the gravity sector is non-canonical. Given the Einstein frame action (19) , one can then derive the equations of motion in the usual way. Slow-roll inflation is described by the usual slow-roll parameters
where the prime denotes derivative with respect to χ and the overbars denote the slow-roll parameters in the case α = 0, when U =Ū . The amplitude of the curvature power spectrum and the spectral tilt are then given by
Therefore, even though the αR 2 term modifies the slowroll parameters, the effect cancels out in P ζ and n s . As shown in Ref. [52] , this is also true for the observables defined as higher order derivatives of the scalar curvature power spectrum, such as the running of the spectral tilt, because the curvature power spectrum remains the same. However, that is not the case for the tensor power spectrum
and, as a result, the tensor-to-scalar ratio becomes
This has interesting consequences; in particular, it allows to construct classes of simple models which have a very low scale of inflation, as V 1/4 ∝ √ H inf ∝ r 1/4 , and which are therefore compatible with the TCC. It also validates our treatment of constant H inf in Sec. II, because −Ḣ inf /H 2 inf = ǫ = r/16 ≪ 1 for large α. For simplicity, let us consider a free minimally coupled scalar field
Thenn s ≃ 1 − 2/N andr ≃ 8/N as usual and
so that for large α the result (25) becomes
whereas
which gives 2 n s ≃ 0.956 for the maximum number of e-folds N = N (V max ) ∼ 45. Requiring r < r max gives
which is the limiting value of α that makes the scenario compatible with the TCC by lowering the scale of inflation below the limit (7) . The requirement that one of the key parameters of the model has to take a value this large may at first seem problematic. However, what we effectively have done is introducing a new scale 3 M ≡ M P /α 1/4 , which in the case of r = r max is M ≃ 10 −10 M P ≃ 7 × 10 8 GeV, which is roughly the same as the maximum scale of inflation according to the TCC, Eq. (7). This is not a coincidence, as the flatness of the potential requires U =Ū /(1 +Ū /M 4 ) ∼ M 4 ∼ V , where the last equality comes from the TCC. Whether the existence of this new scale is plausible or not can be argued to depend on the (unknown) UV completion of the theory. Note, however, that allowing for G(φ) = 0, for example the usual non-minimal coupling quadratic in the field, G(φ) ∝ ξφ 2 , 2 The fact that this value is only marginally allowed by the CMB observations is not a huge problem, as in the presence of even a small non-zero gravity coupling G(φ) ∝ ξφ/M P with ξ 0.1, the prediction for the spectral tilt becomes shifted by a small factor, ns ≃ 1 − 3/(2N ) [60] , which gives ns ≃ 0.967 for N = 45. This is well within the region preferred by Planck. 3 This is because had we started in the Einstein frame and simply shifted U →Ū /(1 +Ū /M 4 ) and introduced a non-canonical extension α 2 (1 +Ū /M 4 )(∂ µ χ∂µχ) 2 , the result would have been the same. This reflects the fact that Palatini theories are metricaffine [59, [61] [62] [63] .
alleviates the requirement for α for large enough value of the coupling ξ.
Other ways to lower the scale of inflation include e.g. the famous α-or ξ-attractor models 4 [66] , although especially in the latter case obtaining the correct amplitude for the curvature power spectrum typically requires parameter values which do not make the tensor-to-scalar ratio smaller than r ∼ 10 −13 [67] [68] [69] . In this sense, inclusion of the R 2 term (or more complicated F (R)) seems crucial in this context. In any case, the result (30) shows as a proof of principle that it is possible to construct relatively simple inflationary models which satisfy the TCC.
IV. DARK MATTER
In this section, we show that the low scale of inflation the TCC anticipates is generically catastrophic for models in which the DM density was generated by amplification of quantum fluctuations during inflation.
To show this, consider now another scalar field, a spectator field, by which we refer to a field which was energetically subdominant during inflation and which did not take part in driving it. For simplicity, we assume the field has a Lagrangian
where m σ is the bare mass of the field and ξ σ its nonminimal coupling to gravity. In an FRW universe,
so that during inflation R = 12H 2 inf , whereas during radiation-domination when H = 1/(2t), the Ricci scalar vanishes, R = 0. Here we do not attempt to connect this model to the scenario considered in Sec. III but simply study if the Lagrangian (31) can give enough DM compatible with the CMB and other observables for a low value of H inf . A similar scenario has previously been studied in Refs. [25, 26, 30, 70] in case of a large inflationary scale. A scenario where the spectator field couples to the inflaton field has been studied in Ref. [24] , and scenarios where the field exhibits large self-interactions have been studied in Refs. [20, 21, 28, [71] [72] [73] [74] . A free scalar case was studied in Ref. [29] and a similar scenario in the context of the QCD axion in Refs. [75, 76] .
Let us first assume that at the beginning of inflation, the field was located at the minimum of its potential throughout the inflating domain. However, if the field was light during inflation, m 2 eff < 9/4H 2 inf where m 2 eff = m 2 σ + ξ σ R, it still acquired fluctuations during inflation. By splitting the field into σ(x, t) = σ 0 (t) + δσ(x, t), expressing the space-dependent part as
where k = |k| and a k and a † k are the usual annihilation and creation operators, respectively, and solving the equation of motion for the mode functions
one can show that the fluctuations start accumulating. Assuming the Bunch-Davies vacuum, the fluctuations assume a Gaussian distribution with a variance given by [77] (see also Refs. [17, 78, 79] )
Therefore, while the classical mean field vanishes, the fluctuations contain energy density and can constitute all or part of dark matter, as recently shown in [29] . The calculation is slightly more complicated in the selfinteracting case but can be performed by solving the Fokker-Planck equation for the distribution of scalar field fluctuations. For details, see Refs. [79, 80] for the general case and Ref. [28] in the context of DM.
The result (35) shows that the fluctuations can accumulate only for
If the total duration of inflation is limited, this calls for a large m 2 eff /H 2 inf ratio. Moreover, essentially the same quantity also controls if the classical background field ends up close to σ 0 (t ini ) = 0 or not. By solving the equation of motion for the background field
one can see that the background field value approaches zero exponentially fast
where N = H inf t as usual. This would suggest that regardless of its initial value, the background field relaxes to the minimum of its potential in a time scale N rel ≃ 3H 2 inf /m 2 σ . The time scale in which the quantum fluctuations start accumulating is exactly half of this, as can be seen from Eq. (35) . However, if we assume the TCC holds, then the maximum limit on the total duration of inflation, Eqs. (13) and (15) , strongly constrains the relaxation window 5 . Indeed, even for N (V min ) ≃ 96, the decay of the background field value would be exponentially fast only for m eff 0.2H inf within the total time scale of inflation. If we assume ξ σ R ≫ m 2 σ , i.e. m 2 σ /H 2 inf ≪ 12ξ σ , this means that the non-minimal coupling has to take a value
where the lower limit is given by N = N (V min ), see Eq.
(15), and the upper limit by the criterion m eff < 3/2H inf . If, after inflation, the field was locally displaced from its vacuum state, it started to oscillate about the minimum of its potential. This happened when H(t) ≤ m σ , where t > t end . Because the potential is quadratic about the minimum, one can show that on average the energy density of the field scales down as that of cold DM, ρ σ ∝ a −3 . The contribution of fluctuations to the total DM abundance at the present day is then given by [29] Ω σ h 2 0.12 = 3.5 × 10 17 g
where σ * is the local DM density and H osc denotes the time when the displaced field started oscillating about its minimum. By taking σ * = δσ 2 , one obtains the typical contribution to the DM abundance. The result shows that there exist combinations of H inf , m σ and ξ σ for which the fluctuations constitute all DM.
However, if the scale of inflation is constrained to small values and the total duration of inflation is limited, this has serious consequences for this type of DM models. By first assuming that the non-minimal coupling to gravity is subdominant during inflation, assuming that the fluctuations indeed accumulate (i.e. m 2 σ /H 2 inf > 3/(2N )) and requiring Ω σ h 2 = 0.12, we obtain
where we assumed g * (H osc ) ≃ 100 and the last inequality assumes Eq. (11). Thus, for r = r max = 2 × 10 −31 (see Eq. (10)), we obtain
However, this mass is orders of magnitude smaller than the value of H inf , and hence in conflict with our assumptions, namely that m 2 σ /H 2 inf > 3/(2N ). Thus, this scenario is incompatible with the TCC. As is evident from 5 This is also true for the self-interacting case with Vσ = λ 4 σ 4 , for which a relaxation time scale N rel ∼ 10/ √ λ was found in Ref. [81] .
Eq. (41), smaller values of H inf do not change this conclusion.
Let us then assume that the non-minimal coupling to gravity controls the accumulation of quantum fluctuations during inflation (i.e. m 2 σ /H 2 inf ≪ 12ξ σ ) but that it vanishes after inflation (because R = 0 in radiationdominated Universe). Requiring again Ω σ h 2 = 0.12 and that the value of ξ σ is within the limits given by Eq. (39) , we obtain
Again, the scenario is clearly incompatible with the TCC, which in this case requires m σ ≪ H inf 0.1 GeV. The result (43) also shows that scenarios where the spectator field couples to some other fields during inflation which generate it an effective mass m 2 eff ∼ cH 2 inf , where c is a number not much smaller than unity (as in Ref. [24] ), are not compatible with the TCC. A similar result also applies to the case where the spectator field is strongly self-interacting. As shown in Ref. [28] , in this case the allowed parameter space does not extend to values smaller than H inf ≃ 10 8 GeV, at least if the field which exhibits large self-interactions is required to constitute all DM. Therefore, also this scenario is incompatible with the TCC.
The analysis conducted above can be easily modified to accommodate also other post-inflationary cosmological histories or models where the DM sector has a richer structure. For example, one can ask if the spectator field could still decay into DM, thus mediating the accumulated energy density in inflationary fluctuations into DM. However, this seems difficult because for small H inf the energy density stored in the quantum fluctuations is always very small. As a proof of principle, one can consider a scenario where the scalar field decays after inflation into relativistic hidden sector particles ψ which never entered into thermal equilibrium with radiation. In that case, their contribution to the present DM abundance is given by [29] Ω ψ h 2 0.12
where Γ σ is the decay width of σ. However, if we require σ 2 * ≃ H 4 inf /m 2 σ ≪ M 2 P and m ψ < m σ ∼ H inf , the required value of Γ σ becomes so small that the σ field would not have decayed by the present day, 1/Γ σ ≫ 1/H 0 . We leave considerations of more elaborate scenarios for future work.
Finally, we point out that while in this paper we have mainly been interested in amplification of spectator field fluctuations and its consequences for DM, the fact that a small H inf forces quantum fluctuations to be small may have implications also for other scenarios containing extra scalar fields. An example is the curvaton model [45] [46] [47] where a scalar field is subdominant during inflation but later becomes energetically important, sourcing all or part of the observed curvature perturbation. It would be interesting to assess to what extent this type of scenarios are compatible with both the TCC and observations.
V. CONCLUSIONS
In this paper, we have presented a model of inflation which exhibits a very low scale of inflation, H inf 1 GeV, and thus satisfies the Trans-Planckian Conjecture, which has recently been introduced in the literature. In addition to being compatible with the TCC, the model, namely the one where the action contains a scalar field with a simple polynomial potential and an R 2 term in Palatini gravity, is also in perfect agreement with obser-vational data. We also showed that the low inflationary scale the TCC anticipates is generically catastrophic for models where the DM density was generated by amplification of quantum fluctuations during inflation. This is because the TCC constrains both the inflationary scale and the total duration of inflation and thus prevents accumulation of large quantum fluctuations during inflation, which suppresses the energy density stored in spectator field fluctuations. As a result, if the TCC holds, the fluctuations can never constitute all of the observed DM abundance.
